Abstract. This paper gives a characterization of valuations which follow the singular infinitely near points of plane vector fields, using the notion of L'Hô-pital valuation, which generalizes a well known classical condition. With that tool, we give a valuative description of vector fields with infinite solutions, singularities with rational quotient of eigenvalues in its linear part, and polynomial vector fields with transcendental solutions, among other results.
Introduction
The purpose of this paper is to characterize valuations which follow the infinitely near points given by a singularity of a holomorphic vector field on a surface or, what is the same, a germ of a singular first order differential equation in the complex plane. Conceptually, a germ of vector field is nothing but a way of measuring infinitesimal approximations to a local family of curves (the leaves of the associated foliation). Finding a solution through a point is the same as obtaining a subvariety which has infinite contact with the field. Likewise, valuations are the generalization of contact along a local object. Quoting Seidenberg [5] , "(...) derivations are related to contact, and so are valuations, so one may ask for a study connecting derivations and valuations".
To that end, we use the concept of L'Hôpital valuation, which we define in Section 2. It is a generalization of what Rosenlicht calls differential valuations in the context of Hardy fields [3] . A valuation ν is L'Hôpital for a vector field ∂ if it satisfies the following generalization of classical L'Hôpital's condition:
whenever ν(a) ≥ ν(b) > 0 and ∂b = 0. The key result of the paper is Theorem 1 of Section 3, which states, essentially, that a L'Hôpital valuation of a vector field follows (after a finite number of blowing-ups) infinitely near singular points of the field. From this it follows that valuations associated to curves which are not leaves of the foliation are not L'Hôpital for the field. Section 3 is devoted to the statement and proof of the main results. We single out two: the equivalence between the existence of an infinite number of invariant analytic curves through the origin (dicriticalness) and L'Hôpital's condition for divisorial valuations (Theorem 5), and the intrinsic characterization of simple singularities with rational quotient of eigenvalues in terms of valuations of rank 1 and rational rank 2 (Theorem 8). In the last section, we study the relation of rank 1 valuations with the existence of transcendental solutions, and a weak L'Hôpital condition, which allows one to find all the solutions of a vector field, whether singular or not.
In the first section we recall, for the sake of both completeness and fixing of notation, the classification of valuations centered in C{x, y} done by Spivakovsky [6] for 2−dimensional regular local rings.
Let us remark also that the present work introduces a new algebraic perspective in the study of singularities of plane and higher dimensional foliations (see [2] ), which up to now have been studied mainly with complex analytic tools -either complex analysis or resolution of singularities.
This paper contains the research of the author's Ph. D. Thesis concerning complex plane foliations. Results in higher dimension will appear in a forthcoming work.
Valuations centered in C{x, y} and blowing-ups
We are mainly interested in valuations centered in a point of the complex plane. Thus, we shall work over the ring O = O 2 of germs of holomorphic functions at a point P ∈ C 2 , near which we fix local analytic coordinates (x, y), so that O ≃ C{x, y}. More precisely, if M = O (0) denotes the field of meromorphic functions at P , we are going to study valuations ν of M, centered in the local ring (O, m), that is, such that ν(O) ≥ 0 and ν(m) > 0. In this section we fix some notation and terminology concerning these objects. All the results are well-known since (at least) Zariski [7] , although our main reference will be Spivakovsky's work [6] , where one can find a general study of valuations centered in noetherian rings of dimension 2, without restrictions on the characteristic. Let ν : M ⋆ → Γ be a valuation of M centered in O and consider the blowing-up π : Y → (C 2 , 0) with center (0, 0). As π is a birational morphism, the field of fractions of Y is M, so that it makes sense to speak of ν as being centered at a point Q ∈ Y. The following result links valuations in M centered in O with valuations centered at points of E ⊂ Y. The proof is an easy exercise:
Lemma. One and only one of the following statements holds:
There is one and only one closed point Q ∈ E such that ν is centered in Q.
Moreover, ν can be extended to a valuation ofM, the field of fractions ofÕ Q , which is centered inÕ Q .
(The extended valuation of 2 will be denoted by ν, for the sake of simplicity). This lemma is the basis of the classification of valuations made by Zariski [7] and Spivakovsky [6] , as it allows a grouping in terms of co-final behaviour under blowingups. The first step is to distinguish between divisorial and non-divisorial valuations:
Corollary. Let ν be a valuation of M centered in O. One and only one of the following statements holds:
1. There is a finite sequence of blowing-ups
(where n ≥ −1) such that if E i+1 is the exceptional line of π i and Q i+1 ∈ E i+1 is the center of the blowing-up π i+1 , then ν is centered in Q i+1 for any i = −1, . . . , n − 1, and if (u, v) are local coordinates at Q n+1 ∈ X n+1 , then ν is the (u, v)−adic valuation. In this case, ν is called the divisorial valuation with strict center Q n+1 .
There is an infinite sequence of blowing-ups
is the exceptional line of π i and Q i+1 ∈ E i+1 is the center of the blowing-up π i+1 , then ν is centered in Q i+1 for any i ≥ −1. In both cases, the chain of blowing-ups is said to be associated to ν.
In order to classify non-divisorial valuations, we introduce some terminology. Suppose ν is non-divisorial and let X n+1 π → X 0 = (C 2 , 0) be the composition of the first n blowing-ups of the sequence (π i ) i≥0 associated to ν. The fiber F n+1 of 0 is the union of n + 1 irreducible components
where E i+1 is the exceptional line of the blowing-up π i .
Definition. The line E i+1 is called the
Definition. We say that Q n+1 is a corner if it belongs to two different irreducible components of F n+1 . Otherwise, we say that it is a regular point of F n+1 .
These notions allow one to group non-divisorial valuations of M centered in O into four different families. Recall that any valuation ν of M can be naturally extended to one and only one valuationν ofM = C((x, y)). 
Definition. Fix a valuation
This λ depends on m, and can be constructed by a Bezout-type algorithm (see [6] ). 4. ν has an infinite number of Puiseux exponents if in the sequence of centers of ν there is an infinite number of both corners and regular points. In [6] one can see the proof of the following fact: there is a minimal generating sequence (Q i ) i∈N0 (see [6] ) for ν, such that each Q i defines an analytically irreducible curve C i with i − 1 Puiseux exponents, and such that, for 0 < i < j, the curve C i has maximal contact with C j , which explains the expression "infinite Puiseux exponents".
Valuations of contact with a divisor (type 2) are to be considered a subclass of those of contact with a curve, for up to birational morphisms, there is no difference between them. Thus, we shall only mention them explicitly in Corollary 9. 
L'Hôpital Valuations
Let D O = Der
Remark. Notice that the definition is independent of the representative of ∂, as the derivation appears both in the numerator and the denominator of the left-hand member of each equation.
The above notion is the natural translation of classical L'Hôpital's rule to germs of holomorphic vector fields in the plane: the main difference lying, grosso modo, in the fact that in the one-variable case, there are only one foliation and one valuation (compatible with the local structure of C{t}), whereas in higher dimensions one needs to fix the foliation and impose conditions on the valuation to relate both concepts.
Example. See [2] and [3] Consider the differential equation
having the fundamental solution y = e 1/x , which is holomorphic in a punctured 
Valuations and vector fields in dimension 2
We have presented the necessary background to study the links between germs of foliations in (C 2 , 0) and valuations centered in O. As we have remarked, we are going to use both the languages of 1−forms and of vector fields (distributions), as they are the same thing in this dimension.
Take a holomorphic 1−form ω and fix a regular system of parameters (x, y) in (C 2 , 0). As O ≃ C{x, y}, ω can be written
with a, b holomorphic functions in (C 2 , 0). Given such a form, we have its line of dual vector fields [∂] generated by
We might get any non-zero vector field in [∂] , by the remark following Definition 1. From now on, ω and the above ∂ are fixed. We say that (0, 0) is a singular point for a foliation ω ∈ Ω if there is a coordinate system (x, y) such that for any representative ω = a(x, y)dx + b(x.y)dy of ω, a(0, 0) = b(0, 0) = 0.
By a separatrix of ω we shall mean a formal irreducible curve tangent to ω. That is, a separatrix is a principal irreducible ideal (f ) ⊂ C[[x, y]] such that df ∧ ω =f η, with η a formal 2−form. From the point of view of vector fields, a separatrix can be defined as a local non-zero C−morphism
→ X be the blowing-up of X = (C 2 , 0) at 0 and call E = π −1 (0), the exceptional divisor. Suppose there is a point Q ∈ E such that ν is centered in Q (that is, ν is not the m−adic valuation). Let O Q be the local ring at Q andω (respectively∂) be the strict transform of ω at Q (resp. the strict transform of ∂). The following result is the cornerstone of this work:
is a L'Hôpital valuation for ∂ and E is invariant forω (that is to say, (0, 0) is not dicritical for ω), then Q is a singular point for∂.
Proof. Suppose, in order to get a contradiction, that Q is not singular for∂. After a linear change of coordinates at (C 2 , 0), we may assume that Q is the origin of the following chart of π:
Let ω be the dual form of ∂ andω its strict transform. As (0, 0) is non-dicritical for ω and Q is not singular forω, the starting form can be written as Proof. After a finite number of blowing-ups, we may assume that ∂ is non-dicritical. Suppose, in order to get a contradiction, that ν is a L'Hôpital valuation following both regular points and corners of the exceptional divisor in the long run. Seidenberg's result implies [4] that from some Q 0 onwards, all these points are simple for the strict transform of ∂. Assume, without loss of generality, that Q 0 is corner and both 
Proof. We have, by the chain-rule
Asf = 0 is strictly formal, h(t α , ϕ(t)) = 0 and, from the definition of separatrix, we get:
αt α−1 , so that, substituting this expression in the previous one:
as desired. 
Applying ∂ to a and b, we get
where subindices x and y mean "ordinary partial derivation". From this last expression, it follows that
which is the general inequality.
To prove the second assertion, notice that when applying ∂ to a monomial a ij x i y j , one gets
and, looking at the terms of least degree in θ and η, we have
which is zero if and only if i + j = p + q (that is, ν(a) = ν(b)) and xθ r + yη r = 0 (i. e. ∂ is dicritical at (0, 0)), and the conclusion follows. Proof. Fix a local system of parameters (u, v) at Q, u, v ∈ O Q . There are σ, θ, η ∈ O Q with coefficients in O Q such that∂ can be written as
Moreover, in those coordinates, ν = ord (u,v) is "the order in (u, v)". We can forget the denominators and suppose θ and η are relatively prime in O Q . Let m be the smallest among ord (u,v) (θ), ord (u,v) (η). For any two meromorphic functions Proof. ⇐) This is an easy consequence of Theorem 1 and the fact that a (formal) curve following singular points of the strict transforms of ∂ by blowing-ups is a separatrix. ⇒) ν has rank 1 and, in fact, is the intersection multiplicity withf , which means that if (x = t α , y = ϕ(t)) is a Puiseux parametrization off = 0 with ord t (ϕ(t)) > α then, for a = a(x, y) ∈ O, we have ν(a) = ord t (a(t α , ϕ(t))). Let us prove that, in fact, it is a L'Hôpital valuation with respect to ∂. Write ∂ = h 
the last equality holding as a consequence of L'Hôpital's rule for one complex variable.
It appears that in order to study valuations associated to convergent separatrices, one needs to distinguish them according to the quotient of eigenvalues of the linear part of the vector field at a point. To be more precise, letf be a separatrix, convergent or not, of a holomorphic vector field ∂ and let ρ be a resolution of singularities off . Put E = ρ −1 (0, 0). We may assume that the last exceptional line appearing in E is invariant for ρ ⋆ ∂, that the strict transform off meets E in a regular point of E and, finally, that Q is a simple point for ρ ⋆ ∂ (cf. [4] ). Let (u, v) be a local regular system of parameters of O Q such that u = 0 is the equation of E and v = 0 is tangent to the strict transform off . In these coordinates, the equation of ρ ⋆ ∂ has non-zero linear part of the form µu∂/∂u − λv∂/∂v.
Definition 2. We say thatf has
• Generic character if λµ = 0 and λ/µ ∈ Q.
• Infinite character if µ = 0.
• Zero character if λ = 0.
• Rational character if λµ = 0 and λ/µ ∈ Q.
Remark 7. The transformation rule for of the coefficients of the linear part of ∂ by blowing-up shows that the character is well defined: it does not depend either on ρ or on the coordinates (u, v). Proof. For a ∈ O, ν is given by
where #(a, b) is, as usual, the intersection multiplicity of the curves (a = 0) and (b = 0). ⇒) From Theorem 1, we infer that (f = 0) must be a separatrix of ∂. As for the character, we divide the proof in two parts: a) Assume, first, that (f = 0) has rational character. After reducing the singularities of ∂ (and hence of f ), we may assume that the eigenvalues of its linear part are 1 and m/n, with m, n ∈ N. We may also assume that the irreducible component F of the exceptional divisor E meeting (f = 0) is both invariant for ∂ and transversal to (f = 0) at a regular point of E. Take a local system of parameters at Q, say (u, v), such that the strict transform of f follows the same infinitely near points as (u = 0) and such that F is given by (v = 0). Things being so, the vector field can be written, at Q, as follows:
as f = 0 and v = 0 are invariant and ∂ is simple at Q. Take
Let us see if they satisfy L'Hôpital's criterion:
with ν(g 1 ), ν(g 2 ) > 0. As (n + 1)m/n = 0, we have ν(α) = (0, 2n + 1) and ν(β) > (0, 2n), so that the pair a, b does not satisfy the criterion and ν is not L'Hôpital for ∂. b) Suppose that f = 0 has character zero. The same argument as in a) shows that we can take a local system of coordinates (u, v) at Q with
In this situation, take
where g ∈ O Q . As ν(u + v) = ν(v) = (0, 1) and ν(f 1 ) > 0, the valuation does not satisfy L'Hôpital's criterion, q.e.d. ⇐) Fix, as before, Q in the exceptional divisor of a reduction of singularities of ∂ and (f = 0), which is not a corner and take coordinates (u, v) at Q such that ∂ is given by
Let us make a brief digression in order to calculate ν(β).
Write b = p/q, with p, q ∈ O Q as follows:
Continuing with the proof, if i > j, then L'Hôpital's condition is satisfied because of the factor u i−j . If i = j, then ν(a) ≥ ν(b) > 0, and from the expression of α in (2), we infer that
from what follows, by a reasoning similar to the previous one, that ν(α) > ν(β), and we are done.
A straightforward consequence is the following 
3.4.
Valuations with an irrational Puiseux exponent. As in the previous case, we have to distinguish between rational and non-rational quotients of eigenvalues, although in a slightly different way. Proof. Up to a linear change of coordinates, we can write
where (u, v) is the new coordinate system. Also we may assume that the associated valuation is ν(u) = 1,
The set of monomials in (λuα u + vα v ) whose coefficient is non-zero is the same as that of α, as λ is irrational. The same happens with (λuβ u +vβ v ) and β. Let (i 0 , j 0 ) and (m 0 , n 0 ) be the leading coefficients of α and β, respectively. The numerator in (4) is
which is non-zero. If (i 0 , j 0 ) = (m 0 , n 0 ), then the value of the numerator is the sum of the values of α and β. If, on the contrary, (i 0 , j 0 ) = (m 0 , n 0 ), then the value of the numerator is strictly greater than the sum of the values of α and β.
Take now α/β, γ/β ∈ M. We need to study
Suppose ν(α) ≥ ν(γ) > ν(β) ≥ 0. From the second inequality and the previous considerations, it follows that ν(γ(β∂γ − γ∂β)) = ν(γ) + ν(γ) + ν(β). There are two possibilities: either ν(α) > ν(β) or ν(α) = ν(β). In the first case, the value of the numerator in (5) is, at least, ν(α) + ν(β) + ν(γ), which is greater than the value of the denominator. To see that the same holds for the second case one only needs to use the above argument on the initial components of α, β, γ and their derivatives. Proof. By the previous remark, we only need to consider valuations following singular infinitely near points of ∂. We divide the proof in two cases: both eigenvalues are non-zero (resonant case) and one of them is zero (saddle-node).
Remark. Obviously, a valuation with an irrational Puiseux exponent which does not follow singular infinitely near points of a vector field is not a L'Hôpital valuation, in view of
a) Resonant singularities. We can write ∂ as
After a polynomial change of coordinates (see [1] ), we may assume that
by definition. Let r = [i 0 + j 0 η + 1] (integral part). As j 0 = 0 and η ∈ I, we have r < i 0 + j 0 η + 1. To verify that L'Hôpital's condition is not satisfied, take
which finishes the proof in this case. b) Saddle-node. The vector field has a representative of the form
The valuation is defined by ν(u) = 1, ν(v) = η ∈ I >0 , but we may not assume η > 1. One can prove [1] that, up to a holomorphic change of coordinates, ∂ can be written
for suitable λ ∈ C and p ∈ Z ≥1 . Truncating, we deduce that there is p ≥ 1 and a polynomial change of coordinates such that we may assume ν(a(u, v)) ≥ 2, (taking a(u, v) = u p+1 + . . . ). Thus, for any m ∈ N, we have
Here we have to distinguish between η < 1 and η > 1. In the first case, let α = uv and γ = u. A direct computation shows that
In the second case, taking r = [η] and α = v, γ = u r , the same argument finishes the proof. Sufficiency is Corollary 2. The converse is derived from the following lemma, whose prove is done by induction on the number of blowing-ups: Lemma 14. Let P denote an infinitely near point of (0, 0) ∈ C 2 appearing after a finite sequence of blowing-ups π. Then 1. If P is a corner, then there exists a singular holomorphic foliation ω in (C 2 , 0) such that the quotient of eigenvalues of the strict transformω at P is not a rational number. 2. If P is not a corner then, given any (formal or convergent) curve γ passing through P and transversal to the exceptional divisor, there exists a singular holomorphic foliation ω such that: γ is a separatrix of ω, P is a simple singularity of the strict transformω of ω, and the quotient of eigenvalues of ω at P is not in Q <0 .
Rank 1 valuations and transcendence of separatrices
As valuations of M of rank one and rational rank one are exactly the divisorial ones, those of contact with a non-convergent curve and those having an infinite number of Puiseux pairs, we have the following corollary, concerning the algebraic independence of solutions of differential equations: 
The "missing" separatrices
In the previous sections, we have characterized some of the separatrices of a germ of analytic vector field in terms of their associated valuations: those having generic or infinite character. The remaining cases include the solution of regular analytic vector fields -which have always rational character. Recall that in the proof of Theorem 8, in order to show that separatrices passing through singularities with rational quotient of eigenvalues did not give rise to L'Hôpital valuations, we chose the functions: a = u m v n+1 , and b = u m v n , (u = 0) being the equation of the separatrix. In fact, any counterexample to L'Hô-pital's property must be of that kind: it has to include as a factor, the equation of the separatrix under study. This led us to give the following Isolated subgroups are ordered by inclusion, and, its number coincides with the rational rank of the valuation, in our context. The first isolated subgroup is the smallest one. One can see that the first isolated subgroup Γ 0 of a group Γ is always Γ− archimedian, which means that given a ∈ Γ 0 and γ ∈ Γ with 0 < γ < a, there is n ∈ N such that nγ > a. In other words, the first isolated subgroup is the biggest subgroup "not having infinitely great elements". Thus, Definition 3 becomes From Theorem 17 we infer the "valuative Cauchy Theorem":
Theorem 18. Let ∂ be a regular (germ of ) vector field at (C 2 , 0). There is one and only one irreducible (principal) ideal (f ) ∈ O such that its associated valuation ν f is a L'Hôpital valuation for ∂.
